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Bernhard Riemann’s life

Georg Friedrich Bernhard Riemann was born September 17, 1826 in what is today Breselenz, Germany. Rie-
mann was the second oldest among 5 other siblings. His father was a Protestant minister and, for the beginning
years of his education, his teacher as well. As Riemann had gotten older, a local teacher had also assisted in his
education. At the age of 14, Riemann moved to Hannover to visit the Lyceum, and lived with his grandmother
to do so. When she passed away a couple years later, Riemann moved to the Johanneum in Lueneburg at the
age of 16. It was then that Riemann was able to begin to advance his mathematical career.

Bernhard Riemann tended to be introverted, but when he was in his late adolescence, at around the age of 16,
he had a teacher that had noticed his mathematical strengths. Riemann showed signs of interest in mathemat-
ics outside of school. At the Johanneum, the director, Mr. Schmalfuss, lent Riemann advanced mathematics
books to read for a few days before returning to talk over with the director. Some of these included Number
Theory by Adrien-Marie Legendre. History tells that Riemann claimed to have memorized the entire book
after finishing it only a week. At age 19, Bernhard Riemann enrolled at the University of Göttingen, studying
theology and philosophy. At the time, Riemann’s university was very poor in mathematical education. The
infamous Gauss taught only simple, low level applied mathematics courses. Due to this lack of an advanced
mathematical learning environment, Riemann moved to Berlin a year later, at the age of 20. There, terrific
mathematical influences such as Jakob Steiner, Lejeune Dirichlet, and Carl Jacobi were able to further Rie-
mann as a mathematician.

Two years later, at the age of 22, Riemann returned to Göttingen. In the elapsed time, Wilhelm Weber had re-
turned to the university. Riemann studied mathematics, taking courses in physics, philosophy, and education.
At the age of 25, Riemann received his Ph.D. after finishing his thesis on complex function theory and Riemann
surfaces. Over the next two years, Riemann worked on his Habilitationsschrift on Fourier series. Aditionally
within, Riemann explained his new technique of integration. It was the first popular rigorous technique for
evaluating integrals, today known as the Riemann Integral through Riemann Sums. At the age of 27, he
presented his thesis two and half years after he had turned it in. According to a quotation from Dedekind,
“[Gauss sat at the lecture], which surpassed all his expectations, and...he spoke to Wilhelm Weber...with an
excitement rare for him, about the depth of the ideas presented by Riemann.”

When Riemann had reached 29 years old, Gauss passed away and left an open chair for a professor. However,
this spot was given to Dirichlet. Two years later, Riemann was declared an extraordinary professor. The same



year, his brother passed away, so he took care of his three sisters. After another two years, at the age of 33,
Dirichlet died, and Riemann became a full professor. At this point, Riemann was finally able to be financially
secure for the first time in his life after a long series of low-paying jobs.

At the age of 36, Riemann married Elise Koch of Körchov, and eventually, had a daughter with Elise Koch.
Unfortunately, however, in the same month he married Elise Koch, he suffered an attack of pleurisy, a chest
pain caused by inflammation in the lining of the lungs. This was due to his reception of tuberculosis the same
year as his marriage to Elise Koch. Unfortunately, multiple trips between Italy and Göttingen only worsened
his disease. On July 20th, 1866, at the age of 39, Bernhard Riemann passed away on his last trip to the Lago
Maggiore in Italy.

While he left many works unpublished, and one paper on natural philosophy unfinished, many of the papers
that he did publish while alive were difficult to read. Riemann’s illness made publishing a difficulty, so many of
his works, including the first edition of Gesammelte mathematische Werke, (“Collected Mathematical Works”),
were published posthumously. At first, it could seem that Bernhard Riemann had little influence considering
Göttingen was a small university, he was a poor lecturer, and many of his best students died early in their
lives, but Richard Dedekind and Karl Weierstrass, alongside many other terrific mathematicians in Germany,
developed large respect for Riemann’s work. Since his papers focused on conceptual thinking rather than inge-
nious calculation, many mathematicians around the world began investigating his works. Some of these men
included Felix Klein and David Hilbert. Later, Göttingen was established as a center for mathematics research.
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Riemann’s mathematical works

At the age of 25, in his doctoral thesis, Riemann innovated a new way of generalizing the study of polyno-
mial equations from two real variables into two complex variables. The large difference being that if two real
variables create a curve on a plane, then two complex variables, each being made up of two constituent real
variables, but one with a coefficient of i, where i=

√
−1. Since this involves more layers of complexity, these

variables define a real surface, now known as a Riemann surface, which spreads out over the plane.

Based on this theory, Riemann demonstrated that surfaces can be classified into what he called a genus. This
genus, or number, is the maximum number of closed curves that, without splitting up the surface or curve,
can be drawn on the surface. This unique analysis by Riemann was one of the first uses of topology that had
a real significance to mathematics.

Riemann’s ideas were that geometry could be though of as a possibly infinite array of points in space, to-
day called a manifold, in contrary to the contemporary views of the time, consisting of Euclidean Geometry,
wherein, every point is defined as specific locations from other points already defined. Riemann further con-
templated ideas of spaces with infinite dimensions beyond our three dimensional world.

Due to his demonstrations in his post-doctoral work, the Italian mathematician Eugenio Beltrami described a
new set of theory, known as non-Euclidean geometry. This was the first practical alternative to the millenia-
old Euclidean geometry model. Additionally, this lead to conceptualizations of four-dimensional geometry of
space-time: a concept utilized in Albert Einstein’s theory of general relativity. This new conceptualization
allowed space to trasmit forces like electromagnetism and gravitation over distances.

To claim to be able to identify the one innovation Riemann is most recognizable through would be dependent
on which group’s popularity one is referring to. In other words, among calculus students, he is most well known
for the Riemann Integral, or as it is commonly reffered, Riemann Sums. A Riemann Sum is a summation of
rectangular or trapezoidal partitions of the area under a curve. A particular amount of partitions, n, divides
up the range of x-values evenly. Then, a rectangle is drawn from x-axis with a base spanning between two
partitions of the range, going up to the height of the curve on the left corner, right corner, midpoint of the
upper edge of the rectangle. An example of this is shown below:
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Then the sum of the areas of the rectangles is evaluated to give an estimation for the area under the curve.
As n increases, the approximation of the summation of the areas approaches the definite integral’s real value.
However, if this question of Riemann’s most popular accomplishment is posed to a mathematician, the answer
would likely be the Riemann Hypothesis.

The zenith of Riemann’s career came about with his creation of complex function theory into number theory.
Many mathematicians before him had studied the zeta function, as it had come to be known. Riemann,
however, took this study to an entirely unprecedented level. The zeta function was studied for its close ties
with the prime numbers. After Riemann’s additions to its practicality, it came to be known as the Riemann
Zeta Function, for it leads to the infamous Riemann Hypothesis, one of the seven millenium questions that, if
proven or disproven, will reward the one responsible with $1 million. Additionally, in 1900, Hilbert included
the Riemann Hypothesis as one of his 23 problems that he challenged the mathematical world to solve in the
address titled The Problems of Mathematics. The Riemann Zeta Function can be written as

ζ(s) =
1

Γ(s)

∫ ∞
0
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where, given that Γ(x) is the gamma function, the result after subsitituting for the gamma function and for
the expression inside of the integral, gives you
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This function, applied by Bernhard Riemann to all real complex numbers, generated many questions that
still have yet to be answered by the mathematical community to modern day. The part of Riemann’s work
that really set him apart from his predecessors is that he applied the zeta function, instead of to the natural
numbers, to all real complex numbers, where a complex number can be defined as containing two real numbers,
one real and one complex (aka “imaginary”) part in the form z = a + bi. Instead of a one-dimensional line,
now, Riemann’s expansion of these parameters meant that an entire plane of values now existed as possible
inputs to the Riemann Zeta Function.

Riemann was able to expand the parameters of inputs through analytic continuation, since the zeta function is
a Holomorphic function. Using the integral form of the Riemann Zeta Function, it is possible to assign values
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of s that would logically be divergent if only substituted in the context of the sans-calculus expansion of the
summation of the inverse of the natural numbers raised to the power of s. This basically means that input
values of s that would normally give divergent outputs could be not only rationalized, but also objectively
calculated.

This allowed Riemann to reach his largest bookmark to his life: The Riemann Hypothesis. By inputting
various values, s, into the function, various complex numbers would be outputted. However, Riemann, being
an intellectually advanced mathematician, saw the patterns. Imagine the complex plane, wherein, every value
along the horizontal axis is all of the real numbers, and every value along the vertical axis is all of the imaginary
numbers (numbers with a factor of

√
−1, typically denoted i). Among this plane, every point is a value, where

the value, s = x+ yi.

When the point lies anywhere on the plane to the right of the line x = 1, typical substitution can generate
values for the Riemann Zeta Function at that value. An example of which is that when s = 2, the output
is π2

6 , the exact value of which was discovered later by Leonard Euler. For all inputs of the form -2n : n ∈
Natural Numbers, the output of the Riemann Zeta Function is 0. These are known as trivial zeros.

It has been proven that all non-trivial zeros are contained with real parts between 0 and 1, making up what
is called The Critical Strip. The Riemann Hypothesis states that all non-trivial zeros, more specifically, lie
precisely on the line x = 1

2 , halfway between 0 and 1.

If this is true, then many mathematical papers, theorems, and conjectures can be also said to be true, since
the Riemann Zeta Function has a very close relationship with the prime numbers, as largley demonstrated
years later by Leonard Euler.
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Collaboration with other scholars

In Riemann’s time at the university level, he was guided by mathematical minds such as Carl Gauss, Carl
Jacobi, Jakob Steiner, Lejeune Dirichlet, Wilhelm Weber, and Richard Dedekind. Many of these men were
his professors, but some were his peers. Working with these men, Riemann was able to throw his career into
a new level of expertise that he could never have dreamed of before. This is especially due to the support of
Carl Gauss. Gauss, overlooking Bernhard Riemann’s doctoral path, was able to direct Riemann to the best
future that he could possibly have by focusing his work into a successful Ph.D.

Additionally, Dedekind was a friend to Bernhard Riemann, first, being well-known in Riemann’s life for record-
ing Gauss’ reaction to Riemann’s presentation of his doctoral thesis in June 10th, 1854, when Gauss was more
than delightfully surprised. Secondarily, Dedekind was known for publishing many of Riemann’s papers and
works after Riemann passed away in the middle of 1866. These posthumously published papers were also
largely edited by Heinrich Weber.

During his life, Bernhard Riemann worked as a professor at Göttingen University in Germany alongside
Gauss and Dirichlet, until their passing in 1855 and 1859 respectively. Riemann made repeated trips between
Göttingen and Italy throughout his later years to visit Italian mathematicians. Among these mathematicians,
Enrico Betti largely took up many of Riemann’s ideas into his own studies. Even back in Germany, Albert
Einstein was able to develop many of Bernhard Riemann’s concepts into his own four-dimensional model of
space-time for the theory of general and special relativity. In this, Riemann found his work passing on through
many generations to come.

Dedekind was a friend to Riemann during his life, however, another man in Berlin, Germany, found himself on
the opposing side of the spectrum. Karl Weierstrass was a rival to Riemann throughout his entire life, with
both fighting from Riemann’s mathematical inception to its unfortunate and untimely end. However, after
Riemann’s passing, Weierstrass took many Riemannian ideas and brought them into entirely new theories of
their own, so Riemann, even through conflict, created success for humanity.
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Historical events that marked Riemann’s life.

In March 1827, Ludwing van Beethoven, an infamous German composer, died.

In May 1832, at Hambach Castle, the Hamback Festival occurred, wherein, those involved faught for the free-
dom and unity of the Germany states.

In 1839, Belgium became independent and obtained guaranteed neutrality through Belgium, the Netherlands,
the United Kingdom, Austria, France, Russia, and the German Confederation signing the Treaty of London.

In June 1840, Friedrich Fröbel coined the term kindergarten.

In October 1844, Friedrich Nietzsche was born.

In November 1850, Prussia and Austria signed the Punctuation of Olmütz, which meant that the Prussian-led
Erfurt Union would be dissolved, and the German Confederation would be revived under Austrian leadership.

In May 1852, the First Schleswig War between Austria, France, Prussia, Russia, Sweden, Denmard, and the
United Kingdom was finished with the signing of the London Protocol.

In February 1855, Gauss died.

In April 1858, Max Planck, revolutionary german theoretical physicist was born.

In October 1864, the Second Schleswig War between Denmark, Austria, and Prussia was closed with the sign-
ing of the Treaty of Vienna.

In June 1866, the Austro-Prussian War, also known as the Seven Weeks War, began as Prussia declared war
on Austria.
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Significant historical events around the world during Riemann’s life

In 1826, the first photographs were brought to life by Joseph-Nicéphore Niépce with light-sensitive Silver Chlo-
ride.

In 1828, the American Democratic Party is created in the United States.

In 1829, the first typewriter was patented by William Austin Burt.

In 1830, the sewing machine was patented by Bathélemy Thimonnier, a french tailor.

In 1831, the Underground Railroad faced its inception in the United States to free slaves.

In 1834, the American Whig Party is created in the United States.

In 1834, the mechanical reaper, first invented in 1831, is patented and revolutionizes farming.

In 1836, the infamous attack on The Alamo occurred when the Mexican army invaded San Antonio.

In 1844, the first electronic telegram was sent with Morse code from Baltimore to Washington.

In 1845, the rubber band is patented one year after Goodyear patented vulcanized rubber.

In 1847, antiseptic is used in hospital settings, significantly decreasing the number of infections of patients.

In 1849, Hungary splits form Austria.

In 1854, the American Republican Party is created in the United States.

In 1861, the American Civil War begins after South Carolina seceded from the United States one year earlier
to for the Confederate States of America.

In 1863, the Emancipation Proclomation is given by Abraham Lincoln, legally requiring the United States’
citizens to release all slaves.

In 1864, the first use of a submarine in warfare occurred when the Confederate States of America attacks a
Union blockade.

8



In 1865, the American Civil War came to an end with the surrender at the Appomattox courthouse, and
Abraham Lincoln is assassinated later in the same year.

In 1865, the 13th Amendment is ratified, abolishing slavery, but the Ku Klux Klan is also created.

In 1866, Alfred Nobel saw his false obituary and, instead of being remembered for inventing dynamite, sets
aside $9 million to start the Nobel Prize awards.
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Significant mathematical progress during the Riemann’s lifetime

Beginning his work in 1814, Augustin Cauchy developed the modern definition of continuity and defined the
definite integral as a limit of a sum. This became published in 1821 in Cours d’analyse, where the limit was
taken of a Cauchy sum,

n∑
i=1

f(xi)(xi − xi−1),

as the change in x diminished to 0.

In 1826, the exchange of
∫ ∑

to
∑∫

was first challenged by Niels Henrik Abel.

A colleague of Riemann, Peter Gustav Lejeune-Dirichlet, was the first mathematician to show that there are
functions that can be discontinuous at any infinite number of points. He made his proof through partial sums
such as

Sn(x) =
1

2
a0 +

n∑
k=1

an cos kx+ bn sin kx,

and, through extension, was able to prove that the partial sums added to an integral function as well.

In 1829, Dirichlet introducted salt-pepper functions, or what is known today as piece-wise functions. These
functions are defined neither by equation nor drawn curve.
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